We present (asymptotically) exact expressions for the mobility and electrophoretic mobility of a weakly charged spherical particle in an 1:1 electrolyte solution. This is done by analytically solving the electro and hydrodynamic equations governing the electric potential and fluid flow with respect to an electric field and a nonelectric force. The resulting formulae are cumbersome, but fully explicit and trivial for computation. In the case of a very small particle compared to the Debye screening length (R rD) our results reproduce proper limits of the classical Debye and Onsager theories, while in the case of a very large particle (R rD) we recover, both, the non-monotonous charge dependence discovered by Levich (1958) as well as the scaling estimate given by Long, Viovy, and Ajdari (1996) , while adding the previously unknown coefficients and corrections. The main applicability condition of our solution is charge smallness in the sense that screening remains linear; under usual conditions this amounts to the requirement that the ζ-potential must be significantly below 1000 mV.
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Electrophoresis experiments may be easy to conduct but difficult to interpret. In a typical setup, an applied field E moves a charged particle through a viscous fluid at a steady state velocity u such that u = µ E E, and the particle's electrophoretic mobility, µ E , is measured. Since the electric field acts not only on the particle, but also on all other ions in the electrolyte, which influence the particle's motion, it is generally incorrect to estimate electrophoretic mobility using Stokes formula µ E = Q/(6πηR), where η is the fluid viscosity, R is the particle radius, and Q its charge. The first to develop a comprehensive theory for small ions was Debye and Hückel [1] , and subsequently improved by Onsager [2] , in their famous work on ion conduction.
The extension to the mobility of macroions, such as colloidal particles or polyelectrolyte molecules (e.g. DNA), proved to be far from trivial and has been the subject of numerous works over several decades [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] (which by no means is a complete list).
Traditionally, the electrophoretic mobility is presented using Smoluchowski's formula µ E = ζ/(4πη) [15] . Here, is the dielectric constant of the fluid while ζ is the electric potential at some "slip surface" or "surface of shear" pertaining to the macroion. The only case the ζ-potential has an unambiguous meaning, and also where Smoluchowski's relation is exact, is for the weakly charged cylindrical (or planar) macroion oriented parallel to the electric field. In this case the ζ-potential equals the electric potential at the macroion's surface. This is, however, not generally true and the ζ-potential is in fact nothing more than a proxy for electrophoretic mobility. We will demonstrate this explicitly for the charged sphere.
Generalizing Smoluchowski theory, Levich [5] applied it for a general shape macroion whose size R is much larger than the Debye length in the surrounding liquid R r D , with the idea that in this case every piece of the surface is approximately planar. Ignoring the fact that electric field is not necessarily parallel to the surface, Levich predicted µ E to be non-monotonically dependent on charge Q, increasing linearly at small Q but then crossing over to decrease at larger Q. In fact, as Long et al [14] explained, the leading linear Q behavior in the R r D limit can be established by a simple scaling argument, because in this case the velocity gradient in the liquid is screened beyond the r D scale: balancing the electric force on the macroion QE and the drag force (ηR 2 /r D )u, yields u ∼ (Qr D /ηR 2 )E or µ E ∼ Qr D /ηR 2 . Based on our exact solution, we will confirm the correctness of the scaling estimate by Long et al [14] , while correcting the more general result by Levich [5] .
In this Letter we provide (asymptotically) exact expressions for µ E and the nonelectric mobility µ F for a weakly charged spherical macroion starting out with the coupled electro and hydrodynamical equations for the problem. For simplicity we will restrict ourselves to a two-ion electrolyte (e.g. 1:1 salt). Following the work [14] , we consider three independent inputs that control the velocity of the sphere: (i) an electric force F electric which includes the externally applied field E and the field due to the surrounding ions, (ii) a non-electric force F ext which could be realized, for instance, by optical tweezers or by grafting the colloidal particle to a surface by a polymer, and (iii) a viscous drag force F visc from the motion of the surrounding liquid. In steady state, the sphere moves with constant velocity u such that the forces (i)-(iii) are in balance
Within linear response, the relative velocity of the particle with respect to the far away wall is (see [16] for experimental verification of this equation). Therefore, we can find µ F and µ E by calculating F electric and F visc from the underlying electro and hydrodynamical equations to linear order in u and E. The problem is known to be technically challenging and we provide, for the first time, its exact solution. Our derivation relies heavily on symbolic software (Mathematica) which we believe to be the reason to why the solution was not obtained a long time ago. Governing equations. We formulate the problem in the accompanying reference frame of the sphere, because there all flows, currents, and ion distributions are stationary. This means that if we apply a nonelectric force F ext to the particle we must also apply −F ext to the far away walls of the container holding the liquid. In contrast, applying an electric field does not require any extra force applied because the system is overall charge neutral. We consider therefore the reference frame in which far away walls, along with the far away liquid, move with velocity −u rel . The coupled equations for the hydrodynamics of the fluid, the electric potential, and ion diffusion are known (e.g. [7] ) and summarized below.
The velocity field v of the (incompressible) fluid surrounding the non-slip sphere is described by the low Reynolds number Navier-Stokes equation
where ρ is the ion charge density, φ is the electric potential from the surrounding ions and the external electric field E = Eẑ, p is pressure and r designates the vector distance with respect to the center of the sphere. The charge density is related to the ion concentrations n ± via ρ(r) = e(n + − n − ); e is elementary charge. The electric potential is governed by Poisson equation
where ∆φ in (r) = 0 inside the sphere; The dielectric constant is set to unity. We assume that the sphere's charge is uniformly distributed on it's surface, leading to standard electrostatic boundary conditions (continuous tangential component and jump Q/R 2 of normal component of electric field). The ion concentration flux J ± (r) is:
(5) The first term is the diffusion flux where µ is ion mobility, assuming µ + = µ − = µ [22] , k B T is thermal energy. The second term is the drift due to the electric potential, and the third term is fluid advection. Since the ion flux is stationary and ions cannot penetrate the sphere's surface,
For simplicity we assume that E, u and F ext are collinear vectors. The magnitude of F electric and F visc are thus
(−∇φ(r)) r=R sin θdθ (7)
where σ rr (R) and σ rθ (R) are normal and tangential elements of the hydrodynamic stress tensor. The no-slip boundary condition and the incompressibility of the fluid leads to σ rr (R) = −p(R) and σ rθ (R) = η ∂v θ ∂r r=R
. Main results. We now formulate our results, obtained to linear order in E and u, postponing to the very end the outline of their derivation. We find the exact electrophoretic and nonelectric mobilities to be 
The meaning of g(y) is revealed by the fact that effective charge Q eff = Qg(R/r D ) is directly measured by looking at the stall force F stall , which is the amount of F ext that must be applied such that u rel = 0: according to equations (2) and (8),
The explicit expressions for f (R/r D ) (9) and g(R/r D ) (10) are new and constitute the main achievements of this paper. In Fig. 1 (insets) we show µ F and µ E as functions of particle size for a range of α(Q/e) 2 where we scaled the y-axes with the leading large R behaviors (shown below). Our model is only valid for a low enough surface charge Q/R 2 . The asymptotic forms read µ F, min (6πηR)
In terms of the ζ-potential our results are valid for ζ 1000 mV for typical parameters.
The exact expressions for µ E and µ F are cumbersome but simplify in the limits of large or small R/r D . When R/r D 1 and R/r D α 1/5 (Q/e) 2/5 we find
From scaling arguments outlined in the introduction we expect that µ E ∼ Qr D /(ηR 2 ) which indeed proves to be the case. Also, the velocity of the sphere when E = 0 is u rel = µ F F ext where, interestingly, µ F is not equal to the Stokes' bare mobility 1/(6πηR). The reason is that the screening cloud gets deformed as the sphere is dragged through the electrolyte (or electrolyte flows past the sphere) which gives rise to relaxation retardation forces. Thus, u rel ∼ (6πηR) −1 F ext is only asymptotically true (e.g. for a very big sphere, weak surface charge, or a dilute electrolyte r D → ∞). This effect has been discussed elsewhere (see e.g. [12, 14, 17] ) but, to the best of our knowledge, an exact expression for µ F has not been found. Note also that the effective charge decays with increasing bulk ion concentrationn as Q eff ∝ r D ∝n −1/2 (Fig. 1) .
Levich [5] obtained for large particles (R r D ) an expression for µ E (he did not consider µ F ) which has the same type of non-monotonic Q-dependence as our result (2) (9), thus proving the necessity to treat properly the curved geometry of the particle surface not parallel to electric field. For the opposite limit α(Q/e) 2 R/r D 1 we find
This result is applicable to a single ion by letting Q → e and R → b (because l B r D ). The above formula (12a) yields for µ E the result similar but not identical to Onsager's corrected ion mobility for 1:1 salt: [18] , Chp. 10); the only difference is in the numerical coefficient in the second term. This difference has an interesting physical explanation. In Onsager's formulation the electrolyte is symmetric in the sense that one type of ion, say A, is screened by other ions, B, in the same way as B is screened by A ions. In our case, we consider a solitary immobile ion which only very weakly contributes to the screening of other ions. Accordingly, if one takes a more general Onsager model, which involves differences in mobilities of ion species, then the result reproduces Eq. (12a) in the proper limit exactly, including all numerical factors (see [19] for details).
In the introduction we pointed out that the ζ-potential, as defined through Smoluchowski's formula, represents a proxy for the electrophoretic mobility. If we recast our expression for µ E [Eq. (8) ] onto Smoluchowski's form we identify the ζ-potential for our problem as ζ = (2/3R)Q eff /(1 + (Q/e) 2 αf ). Now we may ask, for fixed Q and R what is the "ζ-surface", r ζ , on which the potential is equal to ζ: ζ = φ(r ζ )? Is it close to the sphere's surface? We find that in general it is not, the exception being huge spheres. First, the ζ-surface is not spherically symmetric and lies somewhere in the bulk outside the sphere. Second, there exists a threshold field E * (still within applicability of our linear response theory, eE * r D /k B T 1) for which r ζ (θ) diverges for some angles θ > θ * ; in this case the ζ-surface is not even closed at one end. Overall we find that the ζ-surface does not have any simple electric or hydrodynamic interpretation, at least in the case of a spherical macroion. Additional details is provided in [19] .
Overview of derivation and applicability conditions. To obtain our results, we solve the electro-kinetic equations (3)- (6) by linearization. We consider E, Q and u as independent control parameters, each sufficiently small so that we may decompose the electric potential (as well as all other relevant fields such as ρ(r), n ± (r), and v(r)) as
The subscripts indicate the expansion terms with respect to the control parameters. For example, φ Q is linear in Q and does not depend on E and u, whereas φ EQ is linear in E and Q and independent of u, etc. The first term in Eq. (13) is screening of the immobile macroion in an electrolyte. We assume that φ Q obeys linear DebyeHückel theory where eφ Q /(k B T ) 1. For a spherical macroion this means Q k B T /e × R(R + r D )/r D or, Gouy-Chapman length λ G ∼ R 2 k B T /(eQ) is much larger than r D . We also assume that the electrolyte itself obeys linear Debye-Hückel theory, that is l B /r D 1. Since also λ G l B the sphere's surface charge must obey
The term φ E captures polarization effects of the dielectric sphere as well as volume polarization (induced surface charge due to the deflection of ion currents around the sphere [20] ). The polarization of the ion screening cloud caused by the electric field is contained in φ EQ . In order to stay within linear response theory with respect to the electric field we require, in agreement with Onsager [21] , that E k B T /(er D ). That is, the work performed by the electric field on an elementary charge on the length r D cannot exceed k B T . The fourth term includes polarization of the ion cloud due to fluid flow which depends on the velocity of the far away walls and F ext . Following the same logic that set the limit on the electric field leads to F ext k B T /r D . This also holds for the viscous force mediated by the liquid from the distant walls. As a rough estimate for very low ion concentrations we may put this force to be u rel ηR which gives u rel k B T /(ηRr D ). Similar interpretation exists also for expansion terms of other relevant fields.
Thus, our calculation is exact in first perturbation order with respect to electric field E and velocity u. Nevertheless, it correctly captures the very non-linear Qdependence in both µ E and µ F (2). This arises from the electric force (7) term proportional to Qφ uQ .
Concluding remarks. In this Letter, we presented an asymptotically exact solution for the electrophoretic mobility for a weakly charged colloidal sphere and established that the heavily used µ E ∼ Qr D /ηR 2 is correct in the linear approximation. We assumed linear screening, no slip hydrodynamics, laminar fluid flow, equal dielectric constants of the particle and solvent, and ideal spherical shape which we consider as acceptable restrictions to produce a solution which is exact. Our expression for µ E (and µ F ) is analogous to the appealingly simple Stokes' formula 1/(6πηR). Stoke's formula has applicability limitations (e.g. spherical shape and no slip) but is nevertheless enormously useful. Our formulas are more complicated and significantly more restricted since the problem is much more complex. But we hope that, being exact, they will find their usefulness in a range of applications.
